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In this paper, we establish several new Lyapunov-type inequalities for the nonlinear
difference system
1x(n) = α(n)x(n+ 1)+ β(n)|y(n)|µ−2y(n),
1y(n) = −γ (n)|x(n+ 1)|ν−2x(n+ 1)− α(n)y(n),
when the end-points are not necessarily usual zeros, but rather, generalized zeros. Our
results improve almost all related existing ones.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
Consider the nonlinear difference system
1x(n) = α(n)x(n+ 1)+ β(n)|y(n)|µ−2y(n),
1y(n) = −γ (n)|x(n+ 1)|ν−2x(n+ 1)− α(n)y(n), (1.1)
where µ, ν > 1 and 1
µ
+ 1
ν
= 1, α(n), β(n) and γ (n) are real-valued functions defined on Z,∆ denotes the forward
difference operator defined by1x(n) = x(n+ 1)− x(n). Throughout this paper, we always assume that
β(n) ≥ 0, ∀n ∈ Z. (1.2)
When µ = ν = 2, system (1.1) reduces to the discrete linear Hamiltonian system
1x(n) = α(n)x(n+ 1)+ β(n)y(n), 1y(n) = −γ (n)x(n+ 1)− α(n)y(n). (1.3)
In recent papers [1–8], some dynamical behaviors of system (1.3) have been discussed, such as existence of periodic
solutions, strong limit points, Weyl–Titchmarsh theory, spectral theory, eigenvalue problems and disconjugacy.
We remark that the extensively studied second-order half-linear difference equation
∆[p(n)|1x(n)|r−21x(n)] + q(n)|x(n+ 1)|r−2x(n+ 1) = 0, (1.4)
and its special form (r = 2)
∆[p(n)1x(n)] + q(n)x(n+ 1) = 0 (1.5)
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can be written in the form of (1.1),1x(n) =
1
[p(n)]1/(r−1) |y(n)|
(2−r)/(r−1)y(n),
1y(n) = −q(n)|x(n+ 1)|r−2x(n+ 1),
(1.6)
where r > 1, µ = r/(r − 1), ν = r, p(n) > 0. Note that system (1.6) is of the form (1.1) with
α(n) = 0, β(n) = 1[p(n)]1/(r−1) , γ (n) = q(n).
In the discrete case, instead of usual zero,we adopt the following concept of generalized zero,which is due toHartman [9].
Definition 1.1 ([9]). A function f : Z → R is said to have a generalized zero at n0 ∈ Z provided either f (n0) = 0 or
f (n0)f (n0 + 1) < 0.
It is a classical topic for us to study Lyapunov-type inequalities which have been proved to be very useful in oscillation
theory, disconjugacy, eigenvalue problems and numerous other applications in the theory of differential and difference
equations. In papers [10–23], various Lyapunov-type inequalities including continuous and discrete cases are established.
A thorough literature review of continuous and discrete Lyapunov inequalities and their applications can be found in the
survey paper [13]. In the recent paper [22], Ünal et al. have obtained some Lyapunov-type inequalities for system (1.1),which
are generalizations of the one for the discrete linear Hamiltonian system (1.3) obtained by Guseinov and Kaymakcalan [17].
Let a, b ∈ Z, and we denote that [a, b] = {a, a+ 1, . . . , b}.
Theorem 1.2 ([22]). Let a ≤ b − 2. Assume (1.1) has a real solution (x(n), y(n)) such that x(a) = x(b) = 0 and x(n) is not
identically zero on [a, b]. Then one has the following inequality
b−2
n=a
|α(n)| +

b−1
n=a
β(n)
1/µ b−2
n=a
γ+(n)
1/ν
≥ 2, (1.7)
where and in what follows
γ+(n) = max{γ (n), 0}. (1.8)
Theorem 1.3 ([22]). Suppose that
1− α(n) > 0, β(n) > 0, γ (n) > 0, ∀n ∈ Z, (1.9)
and let a ≤ b − 2. Assume (1.1) has a real solution (x(n), y(n)) such that x(n) has generalized zeros at a and b, and x(n) is not
identically zero on [a, b], i.e.
x(a) = 0 or x(a)x(a+ 1) < 0; x(b) = 0 or x(b)x(b+ 1) < 0; max
a+1≤n≤b
|x(n)| > 0. (1.10)
Then one has the following inequality
b−1
n=a
|α(n)| +

b−
n=a
β(n)
1/µ b−1
n=a
γ+(n)
1/ν
> 1. (1.11)
In the case where a and b are usual zeros of x(n), i.e. x(a) = x(b) = 0, the bound 2 in the right side of (1.7) of Theorem 1.2
is the best possible constant in some sense; see [12]. However, when a or b is the generalized zero of x(n), the corresponding
bound is only one half of the bound 2; see (1.11) in Theorem 1.3. A natural question is whether the bound 1 in the right side
of (1.1) can be increased to 2. We will give a positive answer to this question in the present paper.
In this paper, by using some simpler methods different from [22], we obtain a better Lyapunov-type inequality than
(1.11)
b−1
n=a
|α(n)| +

b−
n=a
β(n)
1/µ b−1
n=a
γ+(n)
1/ν
≥ 2, (1.12)
only under the assumption
1− α(n) > 0, ∀ n ∈ Z. (1.13)
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When µ = ν = 2, (1.12) reduces to the following Lyapunov-type inequality
b−1
n=a
|α(n)| +

b−
n=a
β(n)
b−1
n=a
γ+(n)
1/2
≥ 2 (1.14)
for the discrete linear Hamiltonian system (1.3), which also improves greatly the main result in [17, Theorem 1.6].
Even if the right end-point b is not a generalized zero of x(n), we still can obtain the following better Lyapunov-type
inequality than (1.12)
b−1
n=a
|α(n)| +

b−1
n=a
β(n)
1/µ b−1
n=a
γ+(n)
1/ν
≥ 2, (1.15)
as long as (x(b), y(b)) = (λ1x(a), λ2y(a))with 0 ≤ |λ1|µ/(µ−1) ≤ λ1λ2 ≤ 1.
2. Main results
In this section, we establish some new Lyapunov-type inequalities.
Theorem 2.1. Suppose that (1.13) holds and let a ≤ b− 1. Assume (1.1) has a real solution (x(n), y(n)) such that (1.10) holds.
Then one has the following inequality
b−1
n=a
|α(n)| +

b−
n=a
β(n)
1/µ b−1
n=a
γ+(n)
1/ν
≥ 2. (2.1)
Proof. It follows from (1.10) that there exist ξ, η ∈ [0, 1) such that
(1− ξ)x(a)+ ξx(a+ 1) = 0, (2.2)
and
(1− η)x(b)+ ηx(b+ 1) = 0. (2.3)
Multiplying the first equation of (1.1) by y(n) and the second one by x(n+ 1), and then adding, we get
∆[x(n)y(n)] = β(n)|y(n)|µ − γ (n)|x(n+ 1)|ν . (2.4)
Summing Eq. (2.4) from a to b− 1, we can obtain
x(b)y(b)− x(a)y(a) =
b−1
n=a
β(n)|y(n)|µ −
b−1
n=a
γ (n)|x(n+ 1)|ν . (2.5)
From the first equation of (1.1), we have
[1− α(n)]x(n+ 1) = x(n)+ β(n)|y(n)|µ−2y(n). (2.6)
Combining (2.6) with (2.2), we have
x(a) = − ξβ(a)
1− (1− ξ)α(a) |y(a)|
µ−2y(a). (2.7)
Similarly, it follows from (2.6) and (2.3) that
x(b) = − ηβ(b)
1− (1− η)α(b) |y(b)|
µ−2y(b). (2.8)
Substituting (2.7) and (2.8) into (2.5), we have
b−1
n=a
β(n)|y(n)|µ −
b−1
n=a
γ (n)|x(n+ 1)|ν = − ηβ(b)
1− (1− η)α(b) |y(b)|
µ + ξβ(a)
1− (1− ξ)α(a) |y(a)|
µ,
which implies that
(1− ξ)[1− α(a)]
1− (1− ξ)α(a) β(a)|y(a)|
µ +
b−1
n=a+1
β(n)|y(n)|µ + ηβ(b)
1− (1− η)α(b) |y(b)|
µ =
b−1
n=a
γ (n)|x(n+ 1)|ν . (2.9)
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Denote that
β˜(a) = (1− ξ)[1− α(a)]
1− (1− ξ)α(a) β(a), β˜(b) =
η
1− (1− η)α(b)β(b), (2.10)
and
β˜(n) = β(n), a+ 1 ≤ n ≤ b− 1. (2.11)
Then we can rewrite (2.9) as
b−
n=a
β˜(n)|y(n)|µ =
b−1
n=a
γ (n)|x(n+ 1)|ν . (2.12)
On the other hand, summing the first equation of (1.1) from a to τ − 1 and using (2.7), we obtain
x(τ ) = x(a)+
τ−1
n=a
α(n)x(n+ 1)+
τ−1
n=a
β(n)|y(n)|µ−2y(n)
= − ξβ(a)
1− (1− ξ)α(a) |y(a)|
µ−2y(a)+
τ−1
n=a
α(n)x(n+ 1)+
τ−1
n=a
β(n)|y(n)|µ−2y(n)
=
τ−1
n=a
α(n)x(n+ 1)+
τ−1
n=a
β˜(n)|y(n)|µ−2y(n), a+ 1 ≤ τ ≤ b. (2.13)
Similarly, summing the first equation of (1.1) from τ to b− 1 and using (2.8), we have
x(τ ) = x(b)−
b−1
n=τ
α(n)x(n+ 1)−
b−1
n=τ
β(n)|y(n)|µ−2y(n)
= − ηβ(b)
1− (1− η)α(b) |y(b)|
µ−2y(b)−
b−1
n=τ
α(n)x(n+ 1)−
b−1
n=τ
β(n)|y(n)|µ−2y(n)
= −
b−1
n=τ
α(n)x(n+ 1)−
b−
n=τ
β˜(n)|y(n)|µ−2y(n), a+ 1 ≤ τ ≤ b. (2.14)
It follows from (2.13) and (2.14) that
|x(τ )| ≤
τ−1
n=a
|α(n)| |x(n+ 1)| +
τ−1
n=a
β˜(n)|y(n)|µ−1, a+ 1 ≤ τ ≤ b,
and
|x(τ )| ≤
b−1
n=τ
|α(n)| |x(n+ 1)| +
b−
n=τ
β˜(n)|y(n)|µ−1, a+ 1 ≤ τ ≤ b.
Adding the above two inequalities, we have
2|x(τ )| ≤
b−1
n=a
|α(n)| |x(n+ 1)| +
b−
n=a
β˜(n)|y(n)|µ−1, a+ 1 ≤ τ ≤ b. (2.15)
Let |x(τ ∗)| = maxa+1≤n≤b |x(n)|. Applying the Hölder inequality and using (2.12), we have
2|x(τ ∗)| ≤
b−1
n=a
|α(n)| |x(n+ 1)| +
b−
n=a
β˜(n)|y(n)|µ−1
≤ |x(τ ∗)|
b−1
n=a
|α(n)| +

b−
n=a
β˜(n)
1/µ  b−
n=a
β˜(n)|y(n)|µ
1/ν
= |x(τ ∗)|
b−1
n=a
|α(n)| +

b−
n=a
β˜(n)
1/µ b−1
n=a
γ (n)|x(n+ 1)|ν
1/ν
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≤ |x(τ ∗)|
b−1
n=a
|α(n)| +

b−
n=a
β˜(n)
1/µ b−1
n=a
γ+(n)
1/ν . (2.16)
Dividing the latter inequality of (2.16) by |x(τ ∗)|, we obtain
b−1
n=a
|α(n)| +

b−
n=a
β˜(n)
1/µ b−1
n=a
γ+(n)
1/ν
≥ 2. (2.17)
Since
β˜(n) ≤ β(n), a ≤ n ≤ b,
(2.1) follows immediately from (2.17). 
In the case where x(b) = 0, we have the following equation
b−1
n=a
β˜(n)|y(n)|µ =
b−2
n=a
γ (n)|x(n+ 1)|ν, (2.18)
and inequality
2|x(τ )| ≤
b−2
n=a
|α(n)| |x(n+ 1)| +
b−1
n=a
β˜(n)|y(n)|ν−1, a+ 1 ≤ τ ≤ b− 1 (2.19)
instead of (2.12) and (2.15), respectively. Similar to the proof of (2.17), we have
b−2
n=a
|α(n)| +

b−1
n=a
β˜(n)
1/µ b−2
n=a
γ+(n)
1/ν
≥ 2. (2.20)
Since β˜(n) ≤ β(n) for a ≤ n ≤ b, it follows that
b−2
n=a
|α(n)| +

b−1
n=a
β(n)
1/µ b−2
n=a
γ+(n)
1/ν
≥ 2. (2.21)
Therefore, we have the following theorem.
Theorem 2.2. Suppose that (1.13) holds and let a ≤ b− 2. Assume (1.1) has a real solution (x(n), y(n)) such that x(a) = 0 or
x(a)x(a+ 1) < 0 and x(b) = 0 and x(n) is not identically zero on [a, b]. Then inequality (2.21) holds. 
Remark 2.3. We obtain the same Lyapunov-type inequality (2.21) as (1.7) under weaker assumptions than those of
Theorem 1.2.
Theorem 2.4. Suppose that (1.13) holds and let a ≤ b− 1. Assume (1.1) has a real solution (x(n), y(n)) such that x(a) = 0 or
x(a)x(a + 1) < 0 and (x(b), y(b)) = (λ1x(a), λ2y(a)) with 0 ≤ |λ1|µ/(µ−1) ≤ λ1λ2 ≤ 1 and x(n) is not identically zero on
[a, b]. Then one has the following inequality
b−1
n=a
|α(n)| +

b−1
n=a
β(n)
1/µ b−1
n=a
γ+(n)
1/ν
≥ 2. (2.22)
Proof. It follows from the assumption x(a) = 0 or x(a)x(a+1) < 0 that there exist ξ ∈ [0, 1) such that (2.2) holds. Further,
by the proof of Theorem 2.1, (2.4)–(2.7) hold. Since (x(b), y(b)) = (λ1x(a), λ2y(a)), by (2.5), we have
(λ1λ2 − 1)x(a)y(a) =
b−1
n=a
β(n)|y(n)|µ −
b−1
n=a
γ (n)|x(n+ 1)|ν . (2.23)
Substituting (2.7) into (2.23), we have
b−1
n=a
β(n)|y(n)|µ −
b−1
n=a
γ (n)|x(n+ 1)|ν = (1− λ1λ2)ξβ(a)
1− (1− ξ)α(a) |y(a)|
µ,
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which implies that
κ1β(a)|y(a)|µ +
b−1
n=a+1
β(n)|y(n)|µ =
b−1
n=a
γ (n)|x(n+ 1)|ν, (2.24)
where
κ1 = 1− (1− λ1λ2)ξ − (1− ξ)α(a)1− (1− ξ)α(a) . (2.25)
On the other hand, summing the first equation of (1.1) from a to τ − 1 and using (2.7), we obtain
x(τ ) = x(a)+
τ−1
n=a
α(n)x(n+ 1)+
τ−1
n=a
β(n)|y(n)|µ−2y(n)
= − ξ
1− (1− ξ)α(a)β(a)|y(a)|
µ−2y(a)+
τ−1
n=a
α(n)x(n+ 1)+
τ−1
n=a
β(n)|y(n)|µ−2y(n)
= (1− ξ)[1− α(a)]
1− (1− ξ)α(a) β(a)|y(a)|
µ−2y(a)+
τ−1
n=a
α(n)x(n+ 1)
+
τ−1
n=a+1
β(n)|y(n)|µ−2y(n), a+ 1 ≤ τ ≤ b. (2.26)
Similarly, summing the first equation of (1.1) from τ to b− 1 and using (2.7) and the fact that x(b) = λ1x(a), we have
x(τ ) = x(b)−
b−1
n=τ
α(n)x(n+ 1)−
b−1
n=τ
β(n)|y(n)|µ−2y(n)
= λ1x(a)−
b−1
n=τ
α(n)x(n+ 1)−
b−1
n=τ
β(n)|y(n)|µ−2y(n)
= − λ1ξ
1− (1− ξ)α(a)β(a)|y(a)|
µ−2y(a)−
b−1
n=τ
α(n)x(n+ 1)
−
b−1
n=τ
β(n)|y(n)|µ−2y(n), a+ 1 ≤ τ ≤ b. (2.27)
It follows from (2.26) and (2.27) that
|x(τ )| ≤ (1− ξ)[1− α(a)]
1− (1− ξ)α(a) β(a)|y(a)|
µ−1 +
τ−1
n=a
|α(n)| |x(n+ 1)| +
τ−1
n=a+1
β(n)|y(n)|µ−1, a+ 1 ≤ τ ≤ b,
and
|x(τ )| ≤ |λ1|ξ
1− (1− ξ)α(a)β(a)|y(a)|
µ−1 +
b−1
n=τ
|α(n)| |x(n+ 1)| +
b−1
n=τ
β(n)|y(n)|µ−1, a+ 1 ≤ τ ≤ b.
Adding the above two inequalities, we have
2|x(τ )| ≤ κ2β(a)|y(a)|µ−1 +
b−1
n=a
|α(n)| |x(n+ 1)| +
b−1
n=a+1
β(n)|y(n)|µ−1, a+ 1 ≤ τ ≤ b, (2.28)
where
κ2 = 1− (1− |λ1|)ξ − (1− ξ)α(a)1− (1− ξ)α(a) . (2.29)
Let |x(τ ∗)| = maxa+1≤n≤b |x(n)|. Applying (2.24), (2.28) and the Hölder inequality, we have
2|x(τ ∗)| ≤ κ2β(a)|y(a)|µ−1 +
b−1
n=a
|α(n)| |x(n+ 1)| +
b−1
n=a+1
β(n)|y(n)|µ−1
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≤ |x(τ ∗)|
b−1
n=a
|α(n)| +

κ
µ
2
κ
µ−1
1
β(a)+
b−1
n=a+1
β(n)
1/µ 
κ1β(a)|y(a)|µ +
b−1
n=a+1
β(n)|y(n)|µ
1/ν
= |x(τ ∗)|
b−1
n=a
|α(n)| +

κ
µ
2
κ
µ−1
1
β(a)+
b−1
n=a+1
β(n)
1/µ b−1
n=a
γ (n)|x(n+ 1)|ν
1/ν
≤ |x(τ ∗)|
b−1
n=a
|α(n)| +

κ
µ
2
κ
µ−1
1
β(a)+
b−1
n=a+1
β(n)
1/µ b−1
n=a
γ+(n)|x(n+ 1)|ν
1/ν
≤ |x(τ ∗)|
b−1
n=a
|α(n)| +

κ
µ
2
κ
µ−1
1
β(a)+
b−1
n=a+1
β(n)
1/µ b−1
n=a
γ+(n)
1/ν . (2.30)
Dividing the latter inequality of (2.30) by |x(τ ∗)|, we obtain
b−1
n=a
|α(n)| +

κ
µ
2
κ
µ−1
1
β(a)+
b−1
n=a+1
β(n)
1/µ b−1
n=a
γ+(n)
1/ν
≥ 2. (2.31)
Set d = 1− (1− ξ)α(a). Since (1− ξ)[1− α(a)] > 0, it follows that d > ξ ≥ 0. Let
f (t) = [1− (1− |λ1|)t]µ/(µ−1) + (1− λ1λ2)t − 1.
Then
f ′(t) = −µ(1− |λ1|)
µ− 1 [1− (1− |λ1|)t]
1/(µ−1) + (1− λ1λ2),
and
f ′′(t) = µ(1− |λ1|)
2
(µ− 1)2 [1− (1− |λ1|)t]
(2−µ)/(µ−1) ≥ 0, ∀t ∈ [0, 1].
It follows that
f (t) ≤ max{f (0), f (1)} = max{0, |λ1|µ/(µ−1) − λ1λ2} = 0, ∀t ∈ [0, 1].
That is
[1− (1− |λ1|)t]µ/(µ−1) ≤ 1− (1− λ1λ2)t, ∀t ∈ [0, 1],
which implies that[
1− (1− |λ1|) ξd
]µ/(µ−1)
≤ 1− (1− λ1λ2) ξd .
This, together with (2.25) and (2.29), implies that
κ
µ
2
κ
µ−1
1
=

1−(1−|λ1|)ξ−(1−ξ)α(a)
1−(1−ξ)α(a)
µ

1−(1−λ1λ2)ξ−(1−ξ)α(a)
1−(1−ξ)α(a)
µ−1
= [d− (1− |λ1|)ξ ]
µ
d[d− (1− λ1λ2)ξ ]µ−1
=

1− (1− |λ1|) ξd
µ
1− (1− λ1λ2) ξd
µ−1
≤ 1.
Substituting this into (2.31), we obtain (2.22). 
Applying Theorems 2.1, 2.2 and 2.4 to the second-order half-linear difference equation (1.4), we have the following
corollaries.
Corollary 2.5. Let a ≤ b− 1. Suppose that
p(n) > 0, ∀n ∈ Z. (2.32)
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Assume (1.4) has a real solution x(n) such that (1.10) holds. Then one has the following inequality
b−
n=a
1
[p(n)]1/(r−1)
1− 1r b−1
n=a
q+(n)
 1
r
≥ 2.  (2.33)
Corollary 2.6. Suppose that (2.32) holds and let a ≤ b − 2. Assume (1.4) has a real solution x(n) such that x(a) = 0 or
x(a)x(a+ 1) < 0 and x(b) = 0 and x(n) is not identically zero on [a, b]. Then one has the following inequality
b−1
n=a
1
[p(n)]1/(r−1)
1− 1r b−2
n=a
q+(n)
 1
r
≥ 2.  (2.34)
Corollary 2.7. Suppose that (2.32) holds and let a ≤ b− 1. Assume (1.4) has a real solution x(n) such that
x(a)x(a+ 1) < 0, x(b) = λ1x(a), p(b)|1x(b)|r−21x(b) = λ2p(a)|1x(a)|r−21x(a), (2.35)
where 0 ≤ |λ1|r ≤ λ1λ2 ≤ 1, and x(n) is not identically zero on [a, b]. Then one has the following inequality
b−1
n=a
1
[p(n)]1/(r−1)
1− 1r b−1
n=a
q+(n)
 1
r
≥ 2.  (2.36)
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